We study the initial-boundary value problem of the viscous diffusion equations which include GBBM equations, Sobolov-Galpern equations and some standard nonlinear diffusion equations as special cases. By using the integral estimate method and the eigenfunction method we prove that when the nonlinear terms satisfy some conditions the solutions of the problem decay to zero according to the exponent of t. And when the nonlinear terms of the equation satisfy some other conditions the solutions blow up in finite time. Then the known results are improved and generalized.
Introduction
Viscous diffusion equations are a class of important evolution equations introduced to describe a great number of practical problems. There are a lot of results on the global existence and uniqueness of solutions to such equations. The viscous diffusion equations of the following form:
include the GBBM equation [1, [4] [5] [6] , Sobolev-Galpern equation [8] and some standard nonlinear diffusion equations (see [3, 7, 9, 10] and the references cited in [2] ) as special cases. In [2] , the uniqueness of solutions of the initial-boundary problem of (1.1) was obtained. But there are few results on the asymptotic behavior and blow-up of solutions for Eq. (1.1).
In this work we study the asymptotic behavior and blow-up of solutions for the following problem:
where Ω is a bounded domain in R n , ρ > 0 is the viscosity coefficient.
Throughout the present work, the following notation is used for precise statements: 
where
Proof. Let u(x, t) be the global strong solution or classical solution of problem (1.1)-(1.3). Multiplying (1.1) by u and integrating on Ω we get
then by the Gauss Formula and u| ∂Ω = 0 we have
From this and substituting
The Poincáre inequality gives ∇u 2 ≥ λ 0 u 2 . Hence we have
Substituting this into (2.3) we get
where λ = C 0 λ 0 1+ρλ 0 . From (2.4), by the Gronwall inequality we obtain (2.1). 
Theorem 2.2. Suppose A(u) satisfy
Proof. Let u(x, t) be the global strong solution or classical solution of problem (1.1)-(1.3). Multiplying (1.1) by u and integrating on Ω , by arguments similar to those used in the proof of Theorem 2.1, yields
From (H 1 ) we have
Like with the proof of Theorem 2.1, we can deduce
From u 0 2 + ρ ∇u 0 2 > 0 and (2.7) we get d dt u 2 + ρ ∇u 2 ≥ 0 and u 2 + ρ ∇u 2 > 0, ∀t > 0. Define a(t) = u 2 + ρ ∇u 2 ; from (2.7) again we get
and then
Hence (2.5) holds. 
Finite time blow-up
Proof. Let u(x, t) be any strong solution or classical solution of problem (1.1)-(1.3). By (H 2 ), multiplying (1.1) by u and integrating on Ω yields 
it holds that
Proof. Let u(x, t) be any global strong solution or classical solution of problem (1.1)-(1.3). Multiplying (1.1) by ω(x) and integrating on Ω yields
Let a(t) = Ω uωdx; from (i) and (ii) we have
From (iii) we have 
Hence (3.4) holds.
